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A Comparative Study of Parametric and 
Nonparametric Estimators of Old-Age Mortality in 
Sweden 
Peter Fledelius,* Montserrat Guillen,t Jens Perch Nielsen,=!: 
and Kitt SkOVS0 Petersen§ 
Abstract~ 
A recent study of Swedish old-age mortality used a modified Gompertz-
Makeham model with a linear hazard for the force of mortality. We propose 
an alternative model using smooth two-dimensional kernel hazard estimators 
and introduce a new estimator based on the multiplicative bias correction for 
the multivariate marker dependent hazard. The multiplicative bias correction 
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appears to have great potential for estimating mortality rates at the highest 
ages. We also observe that mortality continues to increase at an exponential 
rate even in old-age. 
Key words and phrases: longevity, expected remaining lifetime, kernel hazard 
estimation 
Introduction 
In a recent study of Swedish longevity, Lindbergson (2001) estimated 
old-age mortality by different parametric models and concluded that 
the Gompertz-Makeham model results in misspecified estimators of the 
force of mortality at advanced ages. She suggested a modified paramet-
ric model with a linear hazard to adjust for the misspecification of the 
standard Gompertz-Makeham curve. Similar misspecification of old age 
survival was shown by Vaupel et al. (1998). Using Swedish data, Vaupel 
et al. showed that the exponential Gompertz curve fits well until age 84, 
but for ages above 90 the Gompertz curve is unsuitable for describing 
human mortality. 
In this paper we compare Lindbergson's results to those obtained 
by applying smooth two-dimensional kernel hazard estimators to the 
same Swedish data set. Moreover, we introduce a new estimator, which 
is based on the multiplicative bias correction for the multivariate haz-
ard, and show it is suitable to analyze old age mortality. Early actuarial 
applications of kernel smoothing techniques include Copas and Haber-
man (1983), Ramlau-Hansen et al. (1987), Gavin, Haberman, and Verrall 
(1994) and (1995), and Nielsen and Voldsgaard (1996). 
We take as our starting point the two-dimensional local constant 
mortality estimator, which was defined in Nielsen and Linton (1995) 
and applied to Danish and Spanish mortality experience data in Felipe, 
Guillen, and Nielsen (2001) and Fledelius et al. (2004). This estimator 
cannot be used to estimate old-age mortality because of the rapidly in-
creasing mortality and rapidly decreasing exposure at old ages. The 
bias properties of the local constant estimator imply that it underes-
timates the true mortality significantly. The local linear estimator of 
Nielsen (1998a), however, does not have this weakness. We therefore 
conclude that it is important to use local linear estimators rather than 
local constant estimators while dealing with the problem of estimating 
old-age mortality. 
Another estimator used is the multidimensional analogue of the 
one-dimensional multiplicatively bias-corrected kernel hazard estima-
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tor due to Nielsen (1998b). The bias properties of the multiplicative bias 
correction method make it suitable for estimating old-age mortality. A 
study based on goodness-of-fit confirms this assertion. 
Upon comparing our approach to Lindbergson's standard Gompertz-
Makeham model we conclude that the quick and automatic method of 
the multiplicatively bias corrected multidimensional kernel hazard esti-
mator is better because it does not require us to fix a parametric model. 
Moreover, in the nonparametric methodology the estimation procedure 
is straightforward, as no optimization is required. 
2 Local Constant Versus Local Linear Estimation 
Almost all observed individuals in actuarial data sets are either left 
truncated or right censored or both at the same time. Although ac-
tuaries traditionally have been able to take this into account, the best 
mathematical description of this type of model seems to be based on 
modern counting process theory, where left truncation and right cen-
soring are natural elements of any model construction. 
While the mathematical formulation of the stochastic intensity pro-
cess below might seem overwhelming at first glance, it really only says 
that every individual has a mortality depending on age and calendar 
time and that death of this individual only can be observed while the 
individual is alive and included in the study. 
Suppose we are observing n individuals. Let N;n) denote the num-
ber of observed failures for the ith individual in the time interval [0, 1], 
i = 1, .. , n. Assume N(n) = (Nin ) , .. , N~n)) is an n-dimensional count-
ing process with respect to an increasing, right continuous, complete 
filtration :fin), t E [0,1], Le., one that obeys les conditions habitue lIes, 
see Andersen et al. (1992, page 60). The random intensity process of 
N(n), A (n) = (Ain ), .. , A~n)), is modeled as depending on chronological 
time and age, Le., 
(1) 
where ()((', .) is the force of mortality (the functional form of which is 
unrestricted), t is chronological time, yi(n) (t) is a predictable process 
taking values ° or 1, while Xi(t) is the age attime t of the ith individual. 
{yt) (t) = I} indicates the ith individual is under risk at time t. 
First we define the local constant estimator of ()((', .), introduced by 
Fusaro, Nielsen, and Scheike (1993) and Nielsen and Linton (1995), as 
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A ( ) Ox.t ()( x,t =£' 
x.t 
(2) 
where Ox.t and Ex.t are the smoothed number of deaths and smoothed 
exposure, respectively, at age x and time t. The general form of Ox.t 
and Ex •t is: 
(3) 
and 
(4) 
where the kernel K is a one-dimensional kernel and b = (b l , b2) a two-
dimensional bandwidth-vector. Note that To and TI refer, respectively, 
to the starting and the final calendar time points of the study, i.e., the 
study runs from To to TI. The time frame used in this paper runs from 
1988 to 1997. 
When the kernel is defined as 
{
I Ixl < 1 
K(x) = 0 
otherwise, 
Ox.t denotes the actual observed number of deaths and Ex .t denotes 
the actual amount of exposure, both observed in the chronological time 
interval [t - bl, t + h] and in the age interval [x - h,x + b2]. In this 
case the local constant hazard estimator is the well known "occurrence 
divided by exposure rate." In practice, however, smooth kernels are 
used to obtain realistically smooth mortality estimators. 
The effect of the choice of the kernel function and the bandwidths 
has extensively been discussed in the literature; see, for example, Sil-
verman (1986) or Gavin, Haberman, and Verrall (1994). The choice, 
however, seems to be rather unimportant as long as the kernel is con-
tinuous and smooth and has a simple mathematical expression. 
Our analysis in this paper is based on the Epanechnikov kernels, i.e., 
(5) 
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and 
(6) 
which are defined on a bounded support. An important feature of 
Epanechnikov kernels is that the resulting estimator has the well known 
occurrence divided by exposure construction. The occurrence and ex-
posure data used throughout this paper have been constructed as de-
scribed in Lindbergson (2001). 
LetWi(S) = (Xi(S),S), Z = (x,t) and 
Kb(U) = KbJ (uI)Kbz(U2) 
for u = (Ul! U2). The local linear estimator is defined as 
(XL (X, t) = i I Kz,b (z - Wi(S)) dNi(s), 
i~I 
where the corrected kernel Kz,b can be written as 
-K () _ Kb(U) - Kb(U)C[n-ICI 
zb u - T 
' Co - CI n-ICI 
(7) 
(8) 
with CI = (Cll, ... ,Cld) T, where T denotes transpose, and n = {djk} is a 
d x d matrix. The elements are 
Co = i I Kb (z - Wi(S)) Yi(s)ds, 
i~I 
Clj = I. I Kb (z - Wi(S)) (Zj - Wij(S)) Yi(s)ds 
i~I 
and· 
(9) 
(10) 
djk = i I Kb (z - Wi(S)) (Zj - Wij(S)) (Zk - Wik(S)) Yi(s)ds (11) 
i~I 
where Zj is the ph element of z and Wij(S) is the ph element of Wi. 
From Nielsen (1998a), the equations for the bias in the local constant 
and the local linear estimators are the same, except that the equation 
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for the bias of the local constant estimator has the following extra term 
at chronological time t and age x: 
2 f 2 (ocx. oCP) -1 b1 V Kl(V)dv ox(x,t)ox(x,t) (cp(x,t)) (12) 
+ b~ f v2K2(V)dv (~~ (x, t) °o~ (x, t)) (cp(x, t))-I, (13) 
where cp(x, t) = fdx)y(t) corresponds to an exposure density de-
scribing the quantity of exposure.! The term y(t) describes exposure 
and is approximately equal to n-1 2:7=1 Yi(t), while fdx) is the density 
of age Xi(t) at time t. 
The local constant estimator's dependency on cp makes it unfit for 
estimating mortality at advanced ages because the rapid increase in 
mortality rates and the rapid decrease in exposure at these ages imply 
that the extra bias component of the local constant estimator becomes 
large. As a consequence, the local constant estimator significantly un-
derestimates the true mortality. 
Local constant estimates and the local linear estimates were calcu-
lated for the ages 90 and above using the Swedish data set from 1988 to 
1997. Figures 1 and 2 show the smooth two-dimensional local constant 
estimates and the smooth two-dimensional local linear estimates, re-
spectively, of the force of mortality. The smooth two-dimensional ker-
nel hazard estimation was derived using a bandwidth-vector of (7,4). 
The choice of the bandwidth-vector was based on previous studies. 
From Figures 1 and 2, one can see that both surfaces are increas-
ing with respect to age, but the rate of increase is larger for the local 
linear estimates. It is hard to see from these figures whether there has 
been a change in hazard rates over time. The estimates of the force of 
mortality in the years 1989, 1992, and 1996 have been outlined. The 
estimates in these years are presented in Figure 3 for the local constant 
estimator on the left and for the local linear estimator on the right. 
The mortality curves in Figure 3 show that there has been a slight 
decline in female mortality over the decade, which is similar to that 
observed by Fledelius et al. (2004) for Danish data. The time trend is 
not so clear for ages 105 and above when comparing the years 1992 
1 In the field of regression, a similar type of difference exists between the bias of 
the local constant estimator and the local linear estimator. The local linear regression 
estimator has an advantage because its bias does not depend on the design; see Fan 
and Gijbels (1996). The dependency of the bias of the local constant marker dependent 
hazard estimator on <p corresponds to the dependency of the local constant regression 
estimator on the design. 
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Figure 1: Local Constant Estimates for Swedish Women 
Figure 2: Local Linear Estimates for Swedish Women 
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"i 
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Figure 3: Estimated Force of Mortality for Women Age 90-111 
and 1996. One reason for this could be the scarcity of data in this age 
range. The difference between the local constant and the local linear 
estimates will now be explored. 
Figures 4 and 5 show the observed mortality ratios and the esti-
mated modified Gompertz-Makeham curve2 due to Lindbergson (2001) 
for women age 90 to 111 and men age 90 to 110, respectively, for the 
period 1988-1992 on the left and for the period 1993-1997 on the right. 
Figures 4 and 5 also depict the local constant estimates and the local 
linear estimates for women of age 90 to 111 for the year 1990 and 1995. 
It is .clear from Figures 4 and 5 that the local constant estimator 
underestimates the mortality rates for both men and women of age 90 
and above. It also appears that the local linear estimator gives a better 
estimate of.the mortality rates than the modified Gompertz-Makeham 
curve. 
The smooth two-dimensional kernel hazard estimates used to obtain 
the 1990 and 1995 curves in Figures 4 and 5 have used a bandwidth-
vector of (7,4). 
2The standard Gompertz-Makeham curve for the force of mortality at age x is iJx = 
a + becx , and Undbergson's (2001) modified Gompertz-Makeham curve specifies the 
force of mortality as iJx = a + becx + I{x '" w l k(x - w), where I{Al is an indicator of 
the event A, and w is an age in excess of 90. 
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3 Fitting a Gompertz-Makeham Curve for Old Ages 
Another way of estimating the mortality rates for age 90 and above 
is to fit a Gompertz-Makeham function with parameters estimated only 
by the observations for these ages. The standard method for fitting is 
to use maximum likelihood techniques with a model formulated as a 
generalized linear model. (See, for example, Renshaw, 1991.) Following 
the approach of Lindbergson (2001), we fitted the parameters using the 
minimum chi-square method, Le., by minimizing the expression 
Q 2 _ " (i1x -g(x,a,b,c))2 1 - L... A , x~90 J.ix /Rx (14) 
where i1x is the observed rate of mortality at age x, Rx is the exposure at 
age x, g(x, a, b, c) is the Gompertz-Makeham function for ages above 
90, which is defined as 
g(x, a, b, c) = a + b exp(cx), x;:: 90, (15) 
and a, b, and c are the parameters to be estimated. Lindbergson (2001) 
derives the asymptotic normality of the estimators; more details on 
efficiency of these estimators can be found in Hoem (1976). The min-
imum chi-square method puts more weight than the maximum likeli-
hood method on the ages where exposure is smaller, so it will generally 
provide a better fit in terms of the Qr measure for the very old ages.3 
A multivariate Newton-Raphson's method (see, for example, Acton, 
1990) is used to estimate the Gompertz-Makeham parameters a, b, and 
c that minimize Qr separately for men and women using the aggregated 
data for each of the periods 1988-1992 and 1993-1997. Parameter 
estiinates are listed in Table 1. 
In Lindbergson (2001) the minimum chi-square method is used to 
fit a Gompertz-Makeham function with parameters estimated by the 
observations for age 28-90, Le.~ by minimizing the expression 
Q2= ~ (fix-g(x,a,b,c))2 2 L.... ~ /R . 
x=28 J.ix x 
(16) 
This is done separately for men and women for each of the periods 
1988-1992 and 1993-1997. We have been able to re-create the es-
timates of the parameters for each of Lindbergson's four Gompertz-
3 Another possible approach, which is not addressed here, is the one based on Perks-
type models for old age mortality, which have the property that the rates have a point 
of inflection and exhibit a plateau effect at the oldest ages; see Wang and Brown (1998). 
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Table 1 
Estimates of Parameters for Ages Above 90 
Women Men 
1988-1992 1993-1997 1988-1992 1993-1997 
a -0.47056603 -0.57298188 -0.44314964 -0.50474998 
b 0.02884032 0.04724583 0.03744384 0.03403982 
c 0.03451867 0.03052308 0.03212054 0.03398856 
Makeham functions. For the modified Gompertz-Makeham function us-
ing a linear hazard for ages above 95, Lindbergson (2001) also uses the 
minimum chi-square method, i.e., by minimizing the expression 
Q2_ '" (iix-g(x,a,b,c,k))2 3 - ~ A x~28 Px/Rx 
(17) 
where 
{
a + becx x ~ 95 
g(x, a, b, c, k) = a + bCX + k(x _ 95) x > 95 . (18) 
This is done separately for men and women for each of the periods 
1988-1992 and 1993-1997 with parameters estimated by the observa-
tions for ages 28 and above. We have also been able to r~-create the 
estimates of the parameters of each of Lindbergson's four modified 
Gompertz-Makeham curves. 
Lindbergson's standard and modified Gompertz-Makeham curves 
are shown in Figure 6 for women and for men age 90 and above in 
the periods 1988-1992 and 1993-1997. It also shows the local lin-
ear estimates for women age 90-111 and men of age 90-110 in the 
years 1990 and 1995. These local linear estimates are also based on 
a bandwidth-vector of (7,4). Notice that the localline'ar and the fit-
ted Gompertz-Makeham curves are close for the first half of the age 
range. The modified Gompertz-Makeham curve seems to overestimate 
the mortality around the age where the linear hazard begins, while for 
older ages it is usually below the other estimates. The local linear es-
timates for men in 1990 show a rapid decline at very old ages. This 
is due to the rapid decline of exposure. Nevertheless, except for ages 
above 108, the local linear estimates show an increase in the mortality 
for men from 1990 to 1995. The local linear estimates also indicate a 
114 
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Figure 6: Death Rates for Swedish Women and Men in 1990 and 1995 
decrease in mortality for women from 1990 to 1995 for all ages above 
90. 
4 Multiplicative Bias Correction 
A multiplicative bias correction can be used to improve the smooth 
two-dimensional kernel hazard estimation of the local linear estimator 
of the force of mortality, as follows: 
• First, an initial estimate of the force of mortality is needed. 
• Next, the exposure is multiplied by this initial estimator, and the 
smooth two-dimensional kernel hazard estimators then are ap-
plied. The result is an estimator of the multiplicative error. 
• Finally the initial estimator is multiplied by the estimated multi-
plicative error. 
Multiplicative bias correction with a nonparametric start was intro-
duced in nonparametric regression in Linton and Nielsen (1994), in 
density estimation in Jones, Linton, and Nielsen (1995), and in one-
dimensional kernel hazard estimation in Nielsen (1998b), who took 
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Ramlau-Hansen's (1983) estimator as the starting point. Nielsen and 
Tanggaard (2001) suggest the concept of local linear kernel hazard es-
timation in the one-dimensional case and show that the multiplicative 
bias correction can be understood as a procedure for minimizing a least 
squares criterion.4 
Nielsen and Tanggaard (2001, page 681) point out that one version 
of the multiplicative bias reduction method simply can be understood 
in the following way: in the local linear estimation procedure, the expo-
sure term Yi(t) is replaced by iX(Xi(t), t)Yi(t), where iX is our prelim-
inary estimator of the hazard rate. This estimation procedure results 
in an estimator y of the multiplicative correction y = 01./ IX. We con-
sider both the fully nonparametric approach where the pilot estimated 
hazard iX equals our local linear estimator and the hazard analogue 
to the semiparametric approach of Hjort and Glad (1995), where iX is 
estimated using the parametric Gompertz-Makeham shape. 
The final· multiplicatively bias corrected estimator, aM (z), is ob-
tained by multiplying the initial estimator iX by the estimate of the 
multiplicative error 
(19) 
where the estimated multiplicative error y(z) is calculated by applying 
the local linear estimator with the original occurrence and an exposure 
equal to the original exposure multiplied by the initial estimator. 
While we have not derived the theoretical properties of the multi-
plicatively bias corrected kernel hazard estimator, then we can con-
clude from Nielsen (1998b) and Nielsen and Tanggaard (20.01) that in 
one dimension this estimator almost has zero bias for old ages when 
a Gompertz-Makeham shape is assumed. We expect a similar result to 
hold in our case. 
Figure 7 shows the local linear estimates with and without a mul-
tiplicative correction and the ratios of these estimates for women of 
age 90-111 in the period 1988-1992. The multiplicative correction is 
obtained with four different initial estimates of the force of mortality: 
I 
• The first multiplicative correction of the local linear estimator is 
obtained by multiplying the exposure at age x and year t by the 
local linear estimator of the force of mortality in age x and year 
t; 
4Hjort and Glad (1995) apply multiplicative bias correction with a parametric start 
to density estimation. This so-called semiparametric approach to multiplicative bias 
correction has a great advantage while the underlying true density is close to the para-
metric start. 
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• The second multiplicative correction is obtained by multiplying 
the exposure at age x and year t by the Gompertz-Makeham esti-
mate of the force of mortality at age x calculated in Section 3 for 
1988-1992; 
• The third multiplicative correction is obtained the same way as 
the second except that the period used is 1993-1997; and 
• The fourth multiplicative correction is obtained the same way as 
the second multiplicative correction except that the period used 
is 1988-1997. 
All of the local linear estimators illustrated in Figure 7 have been esti-
mated using a bandwidth-vector of (7,4). Notice that three of the five 
curves are almost equal because the local linear estimators obtained by 
multiplying the exposure by the Gompertz-Makeham estimate of the 
force of mortality calculated in Section 3 are almost the same (whether 
we use the Gompertz-Makeham estimated for the period 1988-1992, 
for the period 1993-1997, or for both periods). 
The ratios displayed are those of the estimates with multiplicative 
correction based on the Gompertz-Makeham for the period 1993-1997 
divided by the baseline and the ratio of the multiplicative correction 
results based on the Gompertz-Makeham for the period 1988-1992 in 
the first five years and for the period 1993-1997 in the last five years 
divided by the baseline. The baseline used is the multiplicative cor-
rection of the local linear estimator based on the Gompertz-Makeham 
estimated for the period 1988-1992. 
Because the multiplicative correction of the local linear estimator 
obtained by multiplying the exposure by our Gompertz-Makeham esti-
mate is almost equal (the difference is less than one percent) no matter 
in which period the Gompertz-Makeham function is estimated, we have 
only considered multiplication with the Gompertz-Makeham estimated 
for the period 1988-1992 in the rest of the analysis. 
Figures 8 and 9 show Undbergson's modified Gompertz-Makeham 
and Gompertz-Makeham curves estimated earlier for women and men, 
respectively, age 90 and above for the periods .1988-1992 and 1993-
1997. They also depict the local linear estimator without the multi-
plicative correction and the local linear estimator with multiplicative 
correction based on: (i) the local linear estimator, and (ti) the Gompertz-
Makeham estimator calculated in Section 3. All local linear estimators 
illustrated in Figures 8 and 9 have been estimated using a bandwidth-
vector of (7,4). 
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Figure 7: Estimates and Ratios Based on Four Multiplicative Corrections 
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Figure 8: Death Rates for Swedish Women Age 90-111 
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Figure 9: Death Rates for Swedish Men Age 90-110 
Figures 8 and 9 illustrate that the local linear estimator with the mul-
tiplicative correction obtained by multiplying the exposure by the local 
linear estimator of the force of mortality gives a different estimate from 
that produced by the local linear estimator without the multiplicative 
correction. These figures also illustrate that the local linear estimator 
with the multiplicative correction obtained by multiplying the expo-
sure by the Gompertz-Makeham estimate calculated in Section 3 for 
the period 1988-1992 is similar to the local linear estimator without 
the multiplicative correction. 
5 Minimum Chi-Square 
As a supplement to the graphical comparison of the estimates of 
the force of mortality we have also calculated the value of expression 
Q2, which is minimized when using the minimum chi-square method 
to estimate the force of mortality. This expression is defined above 
where it is used to fit a Gompertz-Makeham curve for old ages only. 
The only difference is that instead of the Gompertz-Makeham function 
g(x, a, b, c) at age x for ages above 90, we now insert g(x), which is 
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our nonparametric or semi-parametric estimated force of mortality at 
age x for ages above 90. 
We have done the calculation separately for men and women for each 
of the periods 1988-1992 and 1993-1997. The value of Q2 has been 
calculated corresponding to six ways of estimating the force of mortal-
ity g(x) and the results are presented in Table 2. The six estimates of 
g(x) are as follows: 
(I) The standard Gompertz-Makeham curve for age 90 and above; 
(II) The modified Gompertz-Makeham curve in Lindbergson (2001) 
that specifies a linear hazard at old ages; 
(III) The local constant estimator; 
(IV) The local linear estimator without the multiplicative correction; 
(V) The local linear estimator with the multiplicative correction ob-
tained by multiplying the exposure by the local linear estimator; 
and 
(VI) The local linear estimator with multiplicative correction obtained 
by multiplying the exposure by the Gompertz-Makeham estimate. 
The value of Q2 is shown for the nonparametric estimates when a 
bandwidth-vector of (7,4) is used. Values obtained with bandwidth-
vectors of (5,3) and (11,6) are also displayed. 
From Table 2 we conclude that Model V coupled with a bandwidth-
vector of (7,4) is best because it produces the lowest Q2 for both men 
and women. In the rest of the analysis this local linear estimator is 
referred to as the local linear estimator with multiplicative correction. 
Table 2 also indicates that in terms in the chi-square measure the modi-
fied Gompertz-Makeham curve (II) in Lindbergson (2001) is not as good 
an estimate of the force of mortality as any of the three local linear es-
timates. This is true for several different choi&s of bandwidth-vector. 
Figure 10 shows the ratio obtained when dividing the results of 
the local linear estimator with multiplicative correction by the modi-
fied Gompertz-Makeham function in Lindbergson (2001). So here the 
purely nonparametric approach is compared to the existing parametric 
approach. Figure 10 (left) shows the ratios for women, and Figure 10 
(right) shows the ratio for men. Note that the nonparametric results re-
fer to the single years 1990 and 1995, while the results in Lindbergson 
are based on the periods 1988-1992 and 1993-1997. This is not un-
reasonable, because, due to the choice of kernel and bandwidth-vector, 
all observations contribute to the nonparametric estimator in the years 
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Table 2 
Values of Q2 for Women and Men Age 90 and Above 
1988-1992 1993-1997 
Model (7,4) (5,3) (11,6) (7,4) (5,3) (11,6) 
Women Age 90 and Above 
I 16.265 16.265 16.265 24.921 24.921 24.921 
II 101.507 101.507 101.507 97.523 97.523 97.523 
III 1461.979 504.123 5194.357 1808.850 646.851 5968.277 
IV 40.250 23.463 38.931 37.484 23.487 53.277 
V 16.716 19.000 20.060 15.239 21.577 19.961 
VI 45.817 23.975 73.949 36.560 22.793 66.872 
Men Age 90 and Above 
Model (7,4) (5,3) (11,6) (7,4) (5,3) (11,6) 
I 19.771 19.771 19.771 10.947 10.947 10.947 
II 121.667 121.667 121.667 61.522 61.522 61.522 
III 591.326 213.201 2113.362 809.230 291.742 2602.122 
IV 19.738 16.056 19.301 16.048 13.908 21.356 
V 16.500 16.479 19.005 10.736 13.886 12.357 
VI 18.331 15.804 21.618 13.554 12.558 19.376 
1990 and 1995. Note that except for men in the period 1988-1992, the 
nonparametric methods provide a larger force of mortality than the 
parametric methods for the very old age brackets. 
We conclude that the nonparametric results produce lower estimates 
of the force of mortality around the age where the linear modification 
starts, as suggested by Lindbergson (2001). This result tells us that 
the parametric approximation may be overestimating mortality around 
this region while underestimating it in older ages. The fitted Gompertz-
Makeham curve in Section 3 supports these conclusions. 
6 Remaining Life Expectancy 
The future life expectancy at ages 90 and over for the Swedish el-
derly are calculated and compared using our two-dimensional kernel 
estimates to those found using the parametric approach based on the 
hypothesis of a linear hazard for old ages. The estimator used is the 10-
cal linear estimator with the multiplicative correction based on the local 
linear estimator of the force of mortality using a bandwidth-vector of 
(7.4). The future life expectancy at age x, ex. is calculated as follows: 
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ex = fa"" exp( - f: ()( (x + u, t) du)ds. (20) 
The results for women and men of age 90 and above are presented 
in Tables 3 and 4, respectively. The estimators used are the local linear 
estimator of the force of mortality with multiplicative correction (U-
wMC) in the years 1990, 1995, and 1997 and Lindbergson's modified 
Gompertz-Makeham (MGM) for periods 1988-1992 and 1993-1997. 
Figure 11 shows the ratios of the future life expectancies for women 
and men based on the local linear estimator with multiplicative correc-
tion to those based on the modified Gompertz-Makeham function. We 
see the LLwMC-based ex's are lower than those based on MGM. The dif-
ference increases with age due to the underestimation of the hazard 
rate at very old ages for the modified Gompertz-Makeham method. No-
tice that ex increases for women of all ages from 1990 to 1995 under 
both methods. For men, ex increases in this period only for men ages 
90 to 94. For the rest of the older ages male life expectancy seems to be 
decreasing under the LLwMC approach, while under the MGM approach, 
ex increases from ages 106 and above in that time period. When look-
ing at the differences between the estimated life expectancy in 1995 
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Table 3 
Future Ute Expectancy (ex) for Women 
Age MGM LLwMC MGM LLwMC LLwMC 
x 1990 1990 1995 1995 1997 
90 3.991 3.782 4.170 3.995 3.975 
91 3.672 3.468 3.838 3.623 3.630 
92 3.375 3.180 3.529 3.318 3.312 
93 3.101 2.918 3.244 3.039 3.020 
94 2.851 2.679 2.984 2.785 2.754 
95 2.627 2.461 2.750 2.555 2.514 
96 2.432 2.263 2.546 2.347 2.298 
97 2.273 2.083 2.379 2.162 2.104 
98 2.164 1.920 2.262 1.997 1.934 
99 2.090 1.772 2.179 1.852 1.787 
100 2.020 1.641 2.101 1.729 1.663 
101 1.954 1.524 2.029 1.625 1.562 
102 1.893 1.420 1.961 1.535 1.479 
103 1.835 1.329 1.898 1.460 1.412 
104 1.781 1.253 1.838 1.400 1.356 
105 1.729 1.198 1.782 1.353 1.304 
106 1.680 1.151 1.729 1.295 1.234 
107 1.634 1.056 1.679 1.188 1.115 
108 1.590 0.889 1.632 1.025 0.953 
109 1.549 0.658 1.587 0.800 0.745 
110 1.509 0.372 1.544 0.473 0.448 
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Table 4 
Future life Expectancy (ex) for Men 
Age MGM LLwMC MGM LLwMC LLwMC 
x 1990 1990 1995 1995 1997 
90 3.181 3.103 3.289 3.159 3.150 
91 2.946 2.872 3.034 2.905 2.891 
92 2.733 2.658 2.798 2.668 2.649 
93 2.542 2.461 2.581 2.450 2.427 
94 2.379 2.281 2.383 2.250 2.225 
95 2.251 2.115 2.209 2.070 2.042 
96 2.175 1.964 2.061 1.908 1.875 
97 2.133 1.826 1.952 1.764 1.726 
98 2.093 1.701 1.901 1.636 1.592 
99 2.054 1.594 1.891 1.521 1.471 
100 2.016 1.511 1.881 1.420 1.367 
101 1.980 1.457 1.871 1.333 1.286 
102 1.945 1.423 1.862 1.254 1.227 
103 1.912 1.401 1.852 1.167 1.185 
104 1.879 1.391 1.843 1.065 1.163 
105 1.848 1.366 1.833 0.954 1.161 
106 1.817 1.333 1.824 0.857 1.212 
107 1.787 1.286 1.815 0.764 1.258 
108 1.759 1.206 1.806 0.633 1.130 
109 1.731 1.075 1.797 0.453 0.775 
110 1.704 0.739 1.788 0.291 0.421 
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Figure 11: Ratios of Future Life Expectancies for Swedish Women and 
Men 
and 1997 (Le., the last two columns of Tables 3 and 4) our estimates 
indicate that women's life expectancy has slightly decreased. For men, 
there seems to be little difference in life expectancy for the ages be-
tween 90 and 102, while it has increased above age 102. 
7 Conclusions 
In our study of the mortality experience for the Swedish population 
age 90 and above in the period from 1988 to 1997, the following are 
our major findings: 
• The local constant estimator tends to underestimate the force of 
mortality; 
• The results obtained by the modified Gompertz-Makeham method 
seem to be influenced by the choice of the age where the linear 
hazard starts. In general, the modified Gompertz-Makeham esti-
mates of the force of mortality seem to be too crude; 
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• The local linear method has shown to be a suitable alternative for 
estimating the force of mortality and the multiplicative correction 
seems to improve it; and 
• It seems that the exponential increase of mortality continues even 
in old age, because the local linear methods results in an estimated 
force of mortality increasing more than the linear hazard of the 
modified Gompertz-Makeham. This is also indicated by the fact 
that the remaining life expectancies based on the local linear esti-
mates are lower than the ones based on the modified Gompertz-
Makeham results. 
An advantage of the local linear approximation is that no iterative 
method for estimation is needed. It is a completely nonparametric ap-
proach that does not require a fixed parametric shape. On the other 
hand, it also has some disadvantages: extrapolation to higher ages is 
not possible, and the nonparametric method has to cope with bias at 
the end points. When looking at our data set, our methods suggest 
that life expectancy is lower than the one obtained with the parametric 
approach, especially for ages above 100. 
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